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Abstract 

In this study, we derive the Planck distribution function in noncommutative 
space. It is found that it is modified by a small quantity. It is shown that it 
is reduced to the usual Planck distribution function in the commutative limit 



*e-mail: ell7150@metu.edu.tr 



I. INTRODUCTION 



In quantum mechanics, the phase space is defined by replacing the canonical position and 
momentum variables with the Hermitian operators which obey the well-known Heisenberg 
commutation relations [xi,pj] — ihSij. Later, inspired by the quantum mechanics, it was 
suggested that one could use the idea of space-time noncommutativity at very small length 
scales to introduce an effective ultraviolet cutoff [1] 

[x", x"] = iO^"", (1) 

where Q^'^ is an antisymmetric tensor describing the strength of the noncommutative effects 
and plays an analogous role to h in usual quantum mechanics. Note that the matrix Q^'' is 
not a tensor since its elements are identical in all reference frames. 

Noncommutative field theories are constructed from the standard field theories just by re- 
placing the usual multiplication with the Moyal ★-product in the Lagrangian density. The 
★-product of the two fields up to first order is defined by 

= + ^e'"'d^^{x)d,^x) . (2) 

Now, let us write Hamiltonian of the particle interacting with the radiation field in non- 
commutative space. The interaction Hamiltonian in noncommutative space is assumed to 
be obtainable from the standard prescription if we replace the ordinary product with the 
★-product. The idea is to formulate the theories in noncommutative space as theories in com- 
mutative space and to express the noncommutativity by an appropriate ^-product. Then, 
the interaction Hamiltonian in noncommutative space is given by 

iiint. = — ^ A ★ p . (3) 
mc 

Note also that A in the above Hamiltonian is the noncommutative gauge field operator. 
Here, caret indicates the noncommutative quantities. 

Gauge theory was formulated in noncommutative space [2-4]. The Seiberg-Witten map 
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allows us to write the noncommutative fields in terms of the ordinary fields. The Seiberg- 
Witten map for the gauge field is known to lowest order in Q'^^ [5] 

= A, - ^e^^A^idpA, + Fp,) . (4) 

Substitution of the equation (4) into the Hamiltonian (3) and applying the definition (2) 
yields 

where pj is the j-th component of the momentum operator and Aj = (0, — A). The first 
term in the above Hamiltonian is the standard one and the other two terms are due to the 
noncommutative nature of the space. 

A few more words about the contribution to the interaction Hamiltonian are in order. Since 
A contains only the operators and a for photons linearly, the second term in Eq. (5) 
induces transitions for which one photon is either produced or annihilated. On the other 
side, the last term in the equation (5) induces transitions where two photons are involved. 
Here, we are interested only in one photon processes, so we restrict our consideration to the 
interaction Hamiltonian which includes A linearly. So, we omit the last term in Eq. (5). 
If we use the plane wave expansion of A with the box normalization condition, the second 
term in the above Hamiltonian can be rewritten as 



le ^ ^ . ^ le 



2mc 2mch , 

kp 



where ikp are the polarization vectors (p = 1,2) and A^^ = \ —n^ — . Here, we used the 

V L^i^k 

following identity: d^p — ——PuP- 

n 

Having obtained the contribution to the interaction Hamiltonian, now we can calculate the 
contribution of this noncommutative term to the first order transition matrix element. 

< /, rik, ± 1 I i^^^'" E Nkk,{ak,e'^''-^-'''^ - al^e-'^^-^-^'^) hp -P P. N, n^p > (7) 

kp 
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An atom is in the initial state \i > and decays into the final state |/ > by emitting a photon 
with the wave vector k and polarization p. It can also change it's state by absorbing a photon 
with energy hu). The initial and the final of the total atom+radiation field are denoted by 
Ih^kp > and < fjUkpi: 1|, respectively. The number of photons is increased or decreased 
by one unit. Note that there is a minus sign in front of the operator . This is because 
of the existence of the derivative of the gauge field operator in Hamiltonian (5). This leads 
to some differences between the two theories. For example, the transition matrix elements 
in electric dipole approximation are the same both for absorbtion and emission processes in 
usual quantum mechanics. However, they are not equal in noncommutative theories. 
Let us calculate the first order transition matrix element for emission of a photon. 

— Jrikp + l Nk<f\ e-''-^ eVp' -P (1 + ^^'"'Kp.) \i> ■ (8) 
TTtC ^rt 

Similarly, the transition matrix element for the absorbtion of a photon is given by 

— Nk<f\ e*'" eVp' -P (1 - ^Q'^'k^Pu) \ t> ■ (9) 



II. NONCOMMUTATIVE PLANCK DISTRIBUTION 

In this section, we derive Planck's radiation formula. It was first derived by Einstein in 
1917. We consider a sample of atoms in thermal equihbrium. The number of atoms in state 
1/ > is denoted by Nf and for those in state \i > the number Ni. Transitions occur between 
the two states; photons absorbed or emitted from the radiation field. 
Equilibrium requires that time derivation of the number of atoms is zero. 

Nf^Ni^O, (10) 

The number of particles with energy E, in thermal equilibrium at temperature T, is pro- 
portional to the Boltzmann factor, so 

= exp ^— ^ , 11 
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where T represents temperature and is Boltzmann's constant. 

We know from quantum statistical mechanics that this ratio is also equal to [6] 

Nf {Trans, prob. / time)^^^^ 



(12) 



Ni (Trans, prob. / time)^^^ 

Now, we are in a position to calculate this ratio by taking the absolute square of the transition 

matrix elements Eqs.(8,9). 

[Trans, prob. / time)^^-^ 
[Trans, prob. / time)^^^ 
nkp+1 



rikp I < / I e^*^-^ ikp .p I i > - [i/2h) Q^^-k^ < f \ e^^-^ e^^ .p | i > ^ 

Let us compute the term with Q'^'^ further by using the electric dipole approximation method 

e^^kf, < f \ ikp .pp^ \ i> = Q^^k^ < f \ hp v\l><l\Pu\i> , (14) 

I 

where p„ = (po,-p). 

E- 

li u — 0, then < I \ po \ i >= —Sh. li u ^ 0, then < I \ pj \ i >— imuju < l\xj\i >, where 
j — 1, 2, 3. Then, the equation (14) can be rewritten 

'"^f'^' 01^%^ <f\ekp.^\i> -m^Y. ^^'K ^fi ^li < / I ^kp .^\l><l\xj\i> . (15) 
^ I 

The elements of Q'^'^ are very small [7,8] [Q'^'^ << 1). So, we can neglect the square terms 
of Q^'^. Let us define e which includes Q'^" linearly as 

^ 1 e^^'fe^E; (^fi^ii < f I gfcp-x \l><l\xj\i> 
-^/i < / I efep -x I i > 

Then the ratio Eq. (13) is approximated as 

[Trans, prob. / time)^^^^ _ n^^ + 1 ^ 1 - 2e ^ n^^ + 1 ^ _ ^^7^ 



[Trans, prob. / time)^^^ nup 1 + 2e n^p 

At the last step, we used the following relation ( _^ ^ ~ 1 — e). Substitution of the equations 
(11,17) into the definition (12) leads to the Planck distribution function in noncommutative 
space. 



^kp = 7n^. — - , (iSj 

«exp(0)-l 

where k is given by 

K= — ~l + 4e. (19) 

1-4:6 

In commutative limit {0'^" — > 0, k ^ 1), the Eq. (18) is reduced to the usual Planck distri- 
bution function. 

Cosmic black body radiation may be one of the experimental test of noncommutative theo- 
ries. The remnants of the intense radiation field produced in the beginning can be presented 
as a black body radiation. The value of the physical parameters like energy and temperature 
should be shifted because of the parameter k in Eq. (18), if noncommutativity of the space 
plays a role in the first times of big bang. One can study many new interesting physical 
phenomena with this noncommutative Planck distribution function Eq. (18). 

Up to now, we have not said anything about the elements of the noncommutative pa- 
rameter Actually, there is no agreement in the hterature on how these elements are 
constructed explicitly. While many researchers set = to avoid problems with unitarity 
and casuahty [9], the others assume that the components of 0'^" are constant over cosmo- 
logical scales, in any given frame of reference there is a special noncommutative direction 
[10]. Hewett-Petriello-Rizzo [11] parametrized them with the three different angles. In [12], 
G'"^ is interpreted as a background B-field. 
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